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Abstract

The Linear Autoland Smulink model was created to be a modular test
environment for testing of control system components in commercial
aircraft. The input variables, physical laws, and reference frames used
are summarized. The state space theory underlying the mode is
surveyed and the location of the control actuators is described. The
equations used to enable the Dryden gust model to simulate winds and
gusts are derived. A description of the pseudo-random number
generation method used in the wind gust model is included. The
longitudinal autopilot, lateral autopilot, automatic throttle autopilot,
engine model and automatic trim devices are considered as subsystems.
The experience in converting the Airlab FORTRAN aircraft control
system simulation to a graphical simulation tool (Matlab/Smulink) is
described.

Introduction

The Linear Autoland Simulink model was created to provide a modular simulation environment for testing of
control system componentsin the Systems and Airframe Failure Emulation Testing and Integration (SAFETI)
Laboratory. The Langley B-737-100 research aircraft delivered in 1973 was the object of the model. The B-737-
100 was the first production model of the B-737 series, and was a short-range two-engine transport that carried 85-
99 passengers. More than 2700 aircraft of the B-737 family have been delivered and have made more than 62
million flights. The laboratory simulation was derived from the FORTRAN source code of a simulation devel oped
under contract by the Sperry Corporation for the Advanced Transport Operating System (ATOPS) project office of
Langley Research Center in 1985. The Sperry simulation was alinear version of the ATOPS B-737 non-linear
simulation for use in Airlab, aLangley control systems laboratory. The FORTRAN code was subseguently
modified to get it to operate correctly on a Sun SPARCstation host. The Dryden gust model scaling coefficients
were corrected to agree with reference documentation and its random number generator was replaced to correct a
problem with periodicity.

The simulation consists of an aerodynamics state space model of the B-737 airframe and actuators. The
derivative equations are integrated to get parametersin the aircraft frame of reference and parameters to locate the
aircraft in an earth-fixed frame of reference. A runway frame of reference is used to align the glide slope and track
angle during landing. The autopilot uses the glide slope and track angle reference orientation to adjust the aircraft’s
course and attitude. Wind gusts are simulated using the Dryden gust model. The wind gusts and autopilot control
inputs act on the airframe plant dynamics model. Some simplifying assumptions had been made previously in the
ATOPS B-737 FORTRAN simulation to fit within limited computing power, and to make the simulation simpler.

History of Linear Autoland

The simulation of Transport Systems Research Vehicle (TSRV) was the source of the linear Autoland
simulation. It was converted by Sperry from FORTRAN 66 on the Control Data Corporation (CDC) Network
Operating System (NOS) to FORTRAN 66 on the Digital Equipment Corporation (DEC) VAX 750 for use by the
Airlab project. The linear version was chosen for several reasons. It was away of preventing release of Boeing



proprietary aerodynamic data present in the full non-linear version. The target host VAX 750 was not fast enough to
run the full non-linear equations. Also, too much programming labor would have been required to convert the non-
linear aerodynamic datain CDC packed binary format to VAX format. Thelinear VAX version was good enough
to satisfy the research requirements of Airlab.

Lockheed Martin was contracted to port the Airlab linear Autoland version from the VAX environment to the
Sun Microsystems Unix workstation FORTRAN 77 environment for the SAFETI Laboratory. Subroutine calling
sequences and parameter lists were aligned to correct repeatability problems. The Dryden gust model was repaired
by changing filter coefficients to agree with published literature and by replacing a defective random number
generator. A gust response of an order of magnitude larger was the result in the reference flight case 1, and was in
agreement with the expectations of a NASA control engineer familiar with the Boeing 737 response to control
inputs.

Control system description

The control system consists of three mgjor sections, the lateral autopilot, the longitudinal autopilot, and the
automatic throttle. The lateral autopilot uses the spoilers, ailerons, and rudder to control the flight path left to right
according to a heading set point. The longitudinal autopilot uses the elevator and stabilator to control the glide slope
angle up and down according to a glide slope set point. The automatic throttle uses atarget air speed to adjust the
engine throttle in order to maintain a constant air speed. During the automatic landing phase of the flight, the lateral
and longitudinal set points are replaced by track and glide slope error derived from radio transmitters at the
destination runway. The error in heading is provided by the difference between the orientation of the aircraft path
and aline to the localizer radio transmitter. The error in glide slope is provided by the difference between the flight
path and aline to the glide slope transmitter. The automatic throttle maintains a constant airspeed. This situation
continues until the final phase of the landing.

Development experience

Lockheed Martin was contracted to port the FORTRAN Linear Autoland model to Matlab/Simulink. Matlab
and Simulink are software tools for engineering analysis produced by The MathWorks Inc. They are commonly
used by universities and engineering companies for control system simulation and development. The FORTRAN
model was converted to Simulink according to a black-box procedure. The unchanged FORTRAN code was called
from Simulink using Matlab dynamically linked subroutine (FORTRAN MEX) blocks. The FORTRAN modules
used were those which modeled the aerodynamics and equations of motion. An open-loop configuration to simulate
astraight, level flight condition was tested and explored. Once that configuration was operating repeatably, time
histories of control parameters were substituted for the straight, level flight condition as input to the model.
Corrections were made until the model parameters roughly matched the reference FORTRAN simulation runs.

Next, subsystems of the FORTRAN model were replaced step-wise by Simulink blocks. When the Simulink blocks
had compl etely replaced the FORTRAN subroutines, work began on the autopilot. A Simulink version of each
autopilot subsystem was substituted for the corresponding time history input. This closed the loop in the simulation.
Sources of error were isolated by detailed comparison of model time histories with the FORTRAN reference runs.



Model Assumptions

The Sperry Linear 737 Autoland Smulation for Airlabs [Ref. 9] made simplifying assumptions to protect
Boeing proprietary aerodynamic data, and to make analysis easier. Because the Airlab version was constrained by
limited computer power, little attention was given to conversion of the Dryden gust model from the CDC NOS
FORTRAN 66 implementation to the Airlab version because Airlab had few requirements for testing gust response.
Hereisasummary of the assumptions present in the Airlab’s FORTRAN simulation and carried over to the B-737
Linear Autoland Simulink model.

e Linearized State Space Model

e No Boeing Proprietary Data

e Similar Dynamics and Control (A and B) Matricesfor Flight Cases 1 and 2
e OneEngine Instead of Two

e (Thethrust is half that of the actual airplane. The state space model works as if the other
engine were there. The throttle setting is the same as the actual airplane.)

e FHight Ends After Flare But Before Roll Out
e Constant Flaps, Set At 40 deg

e Center of Mass (Gravity) Set At 0.2 Fraction of Length of Fuselage or At 20% Mean
Aerodynamic Chord (MAC)

o GrossWeight 85000 Ibs
e Length 94 ft

e \Wingspan 93 ft

e Tail Height 37 ft

e Langley AFB Runway 8 Approached From the West

Check Cases

In order to prevent the introduction of errors into the simulation during the software conversion, time histories
of important parameters were generated. The only information available from the original CDC NOS computer runs
was strip chart time histories of flight case 2 engineering parameters. These strip charts were used to diagnose
problems introduced into the FORTRAN simulation at the time of the conversion to run on the Airlab VAX. The
software modifications necessary to run on the Sun were checked also. Once avalid and repeatable FORTRAN
simulation was achieved on the Sun equipment, reference files of parameter time histories were saved. The
FORTRAN source code configuration was maintained using the UNIX SCCS commands. The version described in



this document is g134v1.

Figures 1 and 2 depict the path of the simulated aircraft for flight cases 1 and 2, respectively, and describe the
flight conditions.

Flight Case 1

e Straight in approach, below glide slope along extended center line
e Capture glide dlope from below

e Wind from Northeast, 20 knots
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Figure 1. Path of simulated aircraft for flight case 1.

There is a sharp pitch change at the beginning of flight case 1. It isagood test to find stability
problems with the longitudinal control system. It does not exercise the lateral control system at all.



Flight Case 2

e Turning from base to fina approach. Bank to left to capture glide slope, 130 degs. localizer
capture followed by glide slope capture

¢ Nowind

2000~

1000

Altitude (ft)

766

Longitude L atitude

-76.3 369

Figure 2. Path of simulated aircraft for flight case 2.

The bank to the | eft testsif the centrifugal and Coriolis forces are accounted for correctly. The lateral control
systemis exercised. Interaction of the ailerons with the spoilersis tested as well.

Model Description
Major Functional Blocks

The FORTRAN linear Autoland simulation consists of a series of functional modules. At first glance it seems
like it would be easy to separate the modules by function asif they were “black boxes’. The initialization of global
memory from file and terminal dialog is managed in the initialization module “a737int”. The equations of motion
are mostly located in the module “egmotn” asisthe Dryden gust model. The Autopilot module “a737inp” comes
next in the loop after the equations of motion module, and this is counterintuitive. All three autopilot systems,
lateral, longitudinal, and thrust control are contained there. The control surface models modify the control
parameter inputs of aileron, elevator, thrust, and rudder and drive the state space model contained in the
differentiation and integration module “deriv_ab2”. The automatic systems that control the stabilator, engine, and
yaw damping of the rudder are part of the “deflect” module and not the autopilot module.
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Figure 3. Dataflow of the B-737 Autoland Simulation

The modules are coupled through subroutine calling sequences and global memory (FORTRAN common
blocks). Dataflow is hard to discern due to global memory linkage of subroutines and multiple names for the same
global memory location through the use of the FORTRAN “equivalence” statement. The order of execution of the
blocks isimportant because of the modification of the body reference frame vel ocities and rotations by the inertial
reference frame accelerations in the “deriv_ab2” module. First order lag filters and other modules use parameter
values from the previous iteration to filter the current parameters.

The Simulink top level diagram is divided up into blocks similar to the FORTRAN model. There are more lines
here because thisis the actual source code diagram with all the variable linkages. Notice all the modules shown in
the previous figure are present.
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Newton’s Laws of Motion and the Model

The FORTRAN and Simulink Autoland simulations both are based on the application of Newton’s second law
of motion F = ma for force, mass and acceleration. The three Cartesian components of motion come from this.
The three rotational components of motion come from application of the rotational motion form of the second law,
T = lor. Torque replaces force, rotational inertia replaces mass, and rotational acceleration replaces Cartesian
acceleration [Ref. 11].

Table 1. Motion Equations, Inertial Reference Frame

Rectilinear Motion Rotation about a Fixed Axis
Displacement X Angular Displacement 0
Velocity dx Angular Velocity do
V=— 0=—
dt dt
Acceleration dv Angular Acceleration _do
ot ot
Mass m Rotational Inertia |
Linear Momentum p=nv Angular Momentum h=lw
Force F=ma Torque T=lo
F — mg — @
dt dt
_dp _dh
dt dt

These six equations can be collected into two vector equations. The mass and accel eration terms can be
expressed as derivatives of momentum and angular momentum.

10




Forceand Torquein thelnertial Reference Frame

Table 2. Motion Equations, Vector Notation

Rectilinear Motion Rotation About A Fixed Axis
Force Vector F, Torque Vector T,
F=|F, T=|T,
I:Z TZ
dp T=rxF
ot
_dh
dt
Linear Momentum p=mv Angular Momentum h,
h= hy
Z
h=rxp
Position Vector
r=y
Z

Body Reference Frame for Simplified Torque Calculation

The vector force and torque equations relate linear momentum to force and angular momentum to torque. The
angular momentum is the cross product of the angular velocity and the rotational inertia. The angular velocity is
referenced to rotation about the center of mass (gravity) of the aircraft relative to the orientation of axes fixed with
respect to a beginning reference orientation. Tranglational velocity of this center of mass reference point is assumed
to be not changing which makesit an inertial reference frame.

The position of a mass element in the body reference frame is given by:

r=x+yj+z (1)

The angular velocity of the body reference frame relative to the inertial reference frameis given by:

o=Ri+Q,j+Rk @)

11




The velocity of amass element dm intheinertial reference frameis:

V=Vc_g_ + @XTr (3)

Figure 5. Moment of inertia coordinates.

The moment of inertia depends upon the spatial mass distribution of the aircraft and the orientation of the axes
the moment is referenced to. It isathree by three matrix that changes as the inertial reference frame axesrotate
relative to the principal axes of symmetry of the aircraft. If the reference frame axes are fixed to the aircraft, it
ceasesto be an inertial reference frame. Since this non-inertial reference frame rotates with the aircraft, the moment
of inertiarelative to this reference frameis simpler. The off-diagonal terms or products of inertiavanish. Thisis
evident in the expressions for the angular momentum components relative to the earth-fixed inertial reference frame
as opposed to the expressions for the angular momentum components relative to the body reference frame fixed in
the rotating aircraft. The angular momentum components behave like the rotational inertia components under this
transformation of axes.

The following development of equations of motion parallels an expanded version given in [Ref. 6, p 97-98].

Begin consideration of the angular momentum of the rigid body as being the sum of the angular momentum of the
mass el ements.

h=> (rxv)dm @)

12



Useequation (3) V=V, + XTI to substitute for the velocity.
h=>rxv, dm+> rx(oxr)dm ()

Vg Isconstant with respect to the summation and Zrdm =0. Thisgiveszero for the first termin equation (5)

because (Y rdm)xv_, =0. The second term is expanded using the vector triple product expression.
c.g.

rx(oxr)=or?—r(m-r) ©)

h=032(x2+y2+22)dm—2r(Pbx+Qby+ R,z)dm @
Expanding the angular momentum vector in terms of its components and factoring to collect termson B, Q,, and
R, resultsin:

he=R Y (y*+2%)dm-Q, ) xydm—R,>" xzdm
h, ==, Y xydm+Q, 3\, (x* + 2°)m—R, ¥ yzdm ®)
h,=- bezdm—Qbede+ sz(xz +y*)dm

Equation (8) is the angular momentum components with moment of inertia factors relative to a reference frame that
islocated at the airplane center of mass but does not rotate with the airplane, an inertial reference frame.

Looking at the angular momentum components relative to the body reference frame, which does rotate with the
airplane, the cross terms become zero. This simplification comes at the expense of adding components of forces and
torques that are an artifact of the reference frame being a rotating (accelerating, non-inertial) one.

h, =R, (y*+2°)dm
h, = Q, ), (%% +2%)dm (9)
h, = R, D (x*+y*)dm

Equation (9) is the angular momentum components with moment of inertia factors relative to the body reference
frame aligned with the axes of symmetry of the aircraft. The Coriolisand centrifugal “fictitious forces” need to be
accounted for by modification of the equations of motion. The next section describes the modifications necessary.
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Forceand Torquein the Non Inertial Reference Frame of the Aircraft

The equations of motion fixed relative to the body reference frame of the aircraft rotate with an angular velocity
o with respect to the inertial reference frame. The @ term in the force equation is the part of the force resulting
from the rotation of the frame of reference. It isacombination of centrifugal and Coriolis forces.

) ave,
Force Equation F=m—=+moxv,, (10)
. dh
Moment (Torque) Equation T= o +mxh (11)

The force equation may be resolved into components along the non-inertial body reference frame. These
components are given below.

Fe =mU, +QW, - RV,)
Fy=m(V, + RU, — RW,) (12)

F, =m(W, + RV, -QU,)
The Simulink implementation of the force component equationsis as shown in figure 6.

UBDOT

u[1]*u[2] - u[3]*u[4]
» UBDOTP

4

body_state

u[1]*u[2] - u[3]*u[4]

VBDOTP

L WBDOT
> u[1]*u[2] - u[3]*u[4]
—> WBDOTP

Figure 6. Force component calculation, Simulink implementation.
A similar transformation occurs with the torque components. The torque equation transformation is not found
explicitly in the Simulink model but is taken care of implicitly in the transformation of the accelerations and

velocities. Hereis equation (11) repeated for convenience.

dh
Moment (Torque) Equation ~ T= Gt +oxh (11)
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These are the components of torque for the non-inertial reference frame. The L, M, N notation for the torque
components is also presented.

T, =h +Qh,—Rh, 7, =L
‘Cy=hy+Rth—thZ , T, = (12)
TZ:hZ+thy_Qth , TZ = N

Reference Frames

Several frames of reference are encountered when examining the FORTRAN and Simulink B-737 linear
Autoland simulation. A body reference frame centered at the center of gravity (mass) of the airplane travels along
with the vehicle and is subject to rotations and accelerations. It is an accelerated reference frame except whenin
straight-line motion. The stability reference frame X-axis points in the direction of motion of the airplane. To be
consistent with the B-737 FORTRAN simulation variable nomenclature, stability and the body frame of reference
will be considered to be the same. Theinertial reference frame is attached to the center of the earth and is defined
by latitude, longitude, and atitude of the center of gravity of the vehicle from center of the earth to locate its origin.
It isoriented north and east. Euler angles are used to determine the orientation of the vehicle relative to theinertial
reference frame. The runway reference frameis used to calculate the glide slope and localizer Cartesian position
error during the automatic landing phase of the simulation.

15



Body Reference Frame

The body reference frame is attached to the aircraft center of mass (gravity) and moves with the aircraft. The
X,, axis pointsin the direction of motion, not necessarily along the aircraft’s principal longitudinal dimension.

C.G. isthe Center of Mass (Gravity).

Body axes move with the airplane.

Figure 7. Body Cartesian axes.
The velocity components projected on the body reference frame are given by U, ,V,,WW, . They are modified

by pseudo-forces (centrifugal and Coriolis) that arise from the rotation of the coordinate reference frame since the
body reference frame is not an inertial reference frame.

16
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Figure 8. Body Cartesian velocity components U, ,V, ,W .

The rotation rates relative to the accelerated body reference frame are given by roll, pitch, yaw; P,,Q,, R, .
The Euler rotation angles are relative to the inertial reference frame.

P, Rolling Velocity
Q, Pitching Velocity ®w=iR +jQ, +kR,
R, Yawing Velocity

Figure 9. Body angular velocity components B,,Q,, R, .
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Inertial Reference Frame

The origin of the inertial reference frameis given relative to the center of the Earth. The longitude anglein
degrees west of Greenwich England defines one of the spherical coordinates. The latitude defines the angle above
the equator. The sealevel atitude of the aircraft center of mass (gravity) added to the mean radius of the earth
locates the aircraft relative to the center of the earth.

lat lon RADFT
(37.0405, — 76.4878, 20888300+ ALT)

O°lat

Figure 10. Inertial reference frame, radial view.

Theinertial reference frame shown in this frame is the same as the reference frame shown in the next figure
except this view shows the earth in cross section. This view of the globe is aso rotated about the north-south axis.
Inthisview X 4 pointsnorth, Y4 pointseast, and Z 4 pointsdown. Also, the starting condition for simulation
flight case 1 has been shown with the X, and Y, axes rotated through the Euler yaw angle y, clockwise from

X, Wwhich faces north.
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Altitude (ft)

Figure 11. Inertia reference frame viewed from the earth’s surface.

2000~
1000 - )
Wind
N 20 knots
o .
766 :

Longitude _., o Latitude

-716.3  36.9

Figure 12. Inertia reference frame with flight case 1 and the runway shown from a point of
view closer to the ground.
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Thetime historiesof Lat, Lon, Alt, y, 60, ¢ relative to the simulation origin reference axes X4, Y, 1 Z,o
defines the inertial position and orientation in figures 11 and 12. Figure 12 is athree dimensional Cartesian plot of
the path of flight case 1 in latitude, longitude and altitude. Notice the orientation of north relative to figure 11.

Orientation Using Euler Angles

Order of Rotation of Axes

Yaw, Pitch, Roll

v 0 ¢
Psi, Theta, Phi Xo

Flight path

(North)

X Airplane Body Axes

Yu (East)

Earth-Fixed Axes

Za
(Down)

Figure 13. Airplane orientation using Euler angles.

Figure 13 depicts the orientation of the vehicle. Start with the reference axes pointing north and east. The
reference axes are fixed relative to the earth and form an inertial reference frame. The rotation of the earth is
neglected in the B-737 Linear Autoland simulation. All the orientation Euler angle time histories refer to the inertial
frame defined at the beginning of the simulation. The aircraft orientation is specified by three successive rotations
relative to the reference axes. First, yaw the aircraft according to the Euler angle . Second, pitch the aircraft
using Euler angle 6. Third, roll the aircraft using Euler angle ¢ . The order of the rotations follows this
convention and isimportant. Another order of successive rotations will give an incorrect orientation. The aircraft
illustration is from [Ref. 12].
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Order of Rotation of Axes

Yaw, Pitch, Roll

v 8 ¢

Psi, Theta, Phi

Pitch Second Roll Third

Figure 14. Sequence of rotations to define airplane orientation using Euler angles.

Cartesian Velocity In Inertial Frame
The Cartesian velocity istransformed between the inertial reference frame fixed to earth at the starting point

and the body reference frame that travel s with the airplane center of mass (gravity). Theinertial reference frame
velocity components are given in the following table.

Table 3. Notation for the Inertial Reference Frame Cartesian Velocity Components

Inertial Reference Frame Axis Inertial Velocity Name in Simulink Model
X ref VN VN
Yref Ve VE
Zref VD VD
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The transformation used to convert the velocitiesin the inertial reference frame to the body reference frameis
the formula reproduced here for converting a coordinate frame oriented using Euler angles [Appendix A, page 67,
Gainer]. The notation shown is as given in the reference. For our purposes, replace X”,Y’,Z" with U, ,V, ,W,
andreplace X ,Y ,Z with V ,V;,V,.

The transformation from the initial system to the primed system aligned at Euler angles with the initial systemis

X’ X
Y’ |=0|Y (13)
z Z
cos6 cosy cosO siny —-siné
I'=[singsin@ cosy —siny cos¢ sSiny sSin@sing + cosy cos¢  Sing cosO | (14)

COSY COSP SINO +Siny COS¢  SiNy COSY SiN6 — CoSy Sing  COS¢ cosO

Thisisthe Euler angle forward coordinate transformation.

The inverse transformation from the primed system to theinitial system aligned at Euler angles with theinitial
systemis

X X’
Y |=T Y’ (15)
z z’
cosOcosy  SinGSiNOCcosy —sSiNycosd  CoSy cosdSind + siny cosd
I''=| cos@siny sinysinOsing+cosycosh Sinycospsind —cosysing . (16)
—sin® singcoso cos¢coso

Thisisthe Euler angle inverse coordinate transformation.

Notice that the inverse transformation matrix I" " isthe transpose of the forward transformation matrix.
Considering the Euler angles as constants within a simulation time step, the elements of the same matrix can be
taken in different order to make the inverse transformation [Ref. 6,p 35, equation (2.18)].

The following fragment of the equations of motion block diagram egmotnl shows the implementation of the T
Euler angle forward coordinate transformation as implemented in Simulink. Notice the ¢, y,0,VN,VE,VD
Euler angle inputs, inertial velocity inputs, and the U ,V, , W, body velocity outputs. The sine and cosine
expressions are contained in the “b_to_inertial” block. The output elements of the transformation matrix from the
“b_to_inertial” block are sent to other modules where a coordinate transformation isrequired. Simulink vector
C33 isused to transfer the elements.
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PHI

winds

body to inertial
frame matrix

C11

@—> PSI  C22
PSI 23
c31
THETA C32
THETA ca3
b_to_inertial
WD VN b
VAW 4
WD
C ws VNR
ws
VE 3
@—> KTOFPSVEW] C
KTOFPS VER
‘-—» PI
Pl VD +
VDW 4
@—> WINDF
WINDF VDR

Figure 15. Euler angle transformation, inertial to body frame, Simulink implementation.

—p VNR

VER

UGUS

u[7] + u[1] * u[4] + u[2] * u[5] + u[3] * u[6]

UB_

u[7] + u[1] * u[4] + u[2] * u[5] + u[3] * u[6] '._>@

VB_

VB2

U[7] + u[1] * u[4] + u[2] * u[5] + u[3] * u[6] |_>@

WB_

WB2

For the """ inverse Euler angle coordinate transformation, the Simulink vector, C33, is picked apart in such

away that the transpose of the transformation matrix results. It isused here to transform velocity derivatives

(accelerations) from the body frame to the inertial reference frame. The following is afragment from the “inertial

accel” block inside the block “deriv”. The body frame velocity derivatives UBDOT ,VBDOT ,\WBDOT are

transformed to become inertial frame velocity derivatives VNDOT ,VEDOT ,VDDOT .
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UBDOTP

u[1]*u[2] + u3]*uf4] + u[5]*u[6)|_>@

VNDOT

YYVYVYY

U2 + 3Pl + sl —(2)

VEDOT

VBDOTP Cc33

body to inertial
frame matrix

U[L]*u[2] + u[3]*u[4] + u[S]*u[s] |_>@

VDDOT

WBDOTP

Figure 16. Euler angle inverse transformation, body to inertial frame, Simulink implementation.

Angular Velocity In Inertial Frame

P, ¢, (phidot)

X,

Q,, 6, (thedot)

R,V (psidot) |
v

Z,

o=iP, +]Q, +kR,

P, Rolling Velocity
R, Q,, R, Body frame Q, Pitching Velocity

¢,6,y Inertia frame R, Yawing Velocity

Figure 17. Angular velocity components.
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Angular velocity in theinertial frame of reference isrelated to the angular velocity in the body frame according
to the following transformation equations from [Ref. 6, p 102, equation (4.5,3)].

P =¢—\ysin®
Q, = 6cosd +\cosBsing (17)
R, =\ycosecosd—0sing

For the special case where the Euler axes are lined up with the body axes, the rotational velocities agree across

the frames. The figure shows this special case. It isnot that way in the model generally. The above equations are
not seen in the model because the transformation of the Cartesian velocities takes care of this.

Autopilot Runway Frame
The coordinate frame centered on the runway threshold is used during the landing phase. The X, . vauesare

negative until the threshold is crossed. This reference frame is used in the calculation of glide slope error and
localizer error.

N
\O
R O
\N@J (\\d
f 096\
o A0
W\
/\)G\(\éo\N N
/ «© 600 C
%
>

Figure 18. Runway reference frame.

25



State Space Model

The following outline of state variable analysis can be found in more detail in [Ref. 10, chapter 7]. The output
of asimple continuous system may be described by a transfer function acting on the input. The transfer function
represents an Nth order differential equation that relates output to input. There are N initial conditions on the
dependent variable necessary to solve this equation. This set of initial conditions, represented as the components of
vector X defines a state of the system and is necessary to find the future response. At astarting time t, , instead of
an nth order differential equation, N simultaneous first order differential equations can approximate the system
response. These act on X to produce a vector of derivatives of the components of X, represented as X . The
coefficients of the first order equations can be collected inamatrix A . Thisis called the dynamics matrix of the
system.

X = AX (18)
A system can also have the output modified by one or more independent inputs or forcing functions. The
independent inputs form the components of a control-input vector U. The coefficients of the inputs collected in a
matrix B can be added to the previous equation. Matrix B is called the control matrix of the system.

] ]
Xz u,
State Vector X= Control Inputs u=
| Xn | U, |
X=Ax+Bu (19)
X = JXd (20)

Theintegral of the equation for X givesthe state of the system at any time t. Figure 19 from [Ref. 10, p 251]
isasimplified representation of the state approach for a state vector with two components.
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X(t)

System trajectory

Figure 19. A state space trajectory with two independent variables.

Figure 20 shows the relationship in sequence between the A and B coefficient matrices from [Ref. 10, p 252].
The vector of control inputs, U, the vector of state derivatives, X , and the N simultaneous equations represented
by the N parallel integrators produce a state vector X .

\

] n parallel
Y integrators %
L’|2 X2
Control * (Y —~ X X |- Sute
inputs ( B J. ) variables
Up, | A [ %n

Figure 20. Dataflow for a state space model.
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State Vector Description

Figure 21 defines the components of the body state vector. Theroll, pitch, and yaw Euler angles are considered
body state parameters even though they are measured relative to the inertia reference frame fixed at the model
starting point.

[ U ,  Forward Velocity, Body Frame, (ft/sec)
W, Down Velocity, Body Frame, (ft/sec)
Q,  Pitch Angular Velocity, Body Frame, (radians/sec)
0 Pitch Angle Relative to the Inertial Frame, (radians)
Stgt‘ly J V,  SideVeocity, Body Frame, (ft/sec)
vector R, Y aw Angular Velocity, Body Frame, (radians/sec)
X P Roll Angular Velocity, Body Frame, (radians/sec)
¢ Roll Angle Relativeto the Inertial Frame, (radians)
v Yaw Angle Relative to the Inertial Frame, (radians)
| ALT  Altitude Above Mean Sea Level, (ft)

Figure 21. Body state vector components.

FORTRAN Common for State Vector

Inthe original Linear B-737 Autoland Simulation for Airlabs FORTRAN code, a key data structure is the global
shared memory. The shaded portions show the body state vector and the derivative of the body state vector. Notice
the “equivalence” statement that gives two names to the state vector variables. Thisisthe heart of the original
FORTRAN model. The differentiation and integration modules “deriv”’ and “ab2” use the “RSTATE"
representation to iterate across all components of the body state vector in order to differentiate and integrate the
simulation to get the next state value for the next time step.
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COMMON / CAB2 /
* T H UB

WB

’ ’ ’ I
* 0B , THETA , VB , RB ,
* PB , PHI , PSI , ALT ,
* LAT , LON , VN , VE ,
* VD , UBDOT , WBDOT , QBDOT ,
* THEDOT , VBDOT , RBDOT , PBDOT |,
* PHIDOT , PSIDOT , HDOT , DLAT ,
* DLON , VNDOT , VEDOT , VDDOT
C
DIMENSION RSTATE(10), RSTATED(10)
C
REAL * 8 LAT, LON, VN, VE, VD, DLAT, DLON, VNDOT, VEDOT, VDDOT
C

EQUIVALENCE (RSTATE (1), UB)
EQUIVALENCE (RSTATED (1), UBDOT)

Figure 22. FORTRAN common block for state vector X and its derivative X .
Control Input Vector Description

This gives the definition of the components of the control input vector to the state space model. The aileron
deflection and spoiler deflections come from the roll control system. The elevator deflection comes from the pitch
control system. Both are actuator models. The rudder deflection comes from the yaw damper system. The
stabilator position comes from the automatic stabilator trim system. The thrust comes from the engine model. The
actuator models will be addressed in a subsequent section.

[thrust Engine Thrust, (Ibs)
P Stabilator Position, (pilot units)
' Control O, (dele) El.evator I?eflecti on, (.deg)
input. 5 Spr Right Spoiler Deflection, (deg)
(uvec) vector 0, (dela)  Aileron Deflection, (deg)
0, (delr)  Rudder Deflection, (deg)
| spl Left Spoiler Deflection, (deg)

Figure 23. Control input vector components.
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FORTRAN Common for Control I nput Vector

Like the state vector, the shaded portions show the control input vector in the Airlab FORTRAN model. Notice
the “equivalence” statement that gives two names to the control vector variables. The differentiation module “deriv”
usesthe “UVEC” representation to iterate across all components of the control input vector in order to differentiate
the state vector to get the next state derivative value for the next time step. The primary control inputs to the state
space model listed here are not those that come out of the autopilot modules. Commanded throttle THROTLC,
commanded elevator DELEC, commanded aileron DELAC, and commanded rudder DEL RC come from the
autopilot modules and are modified by the actuator models or other trim control systems like the stabilator trim or
the yaw damper systems. There isahierarchy of subsystems that surrounds the state space model.

COMMON / CDEFLEC / THRUST , SP , DELE , SPR ,
* DELA , DELR , SPL , UVEXTRA (3),
* GEAR , FLAPS , E63 , E36 ,
* SBHP , EPR , THROTLC
c
DIMENSION UVEC (10)
c

EQUIVALENCE (UVEC(1l), THRUST)

Figure 24. FORTRAN common block for control vector u .

Inertial State Vector

[lat  Latitude (deg)
lon  Longitude (deg)
Inertial VN Velocity to the North, (ft/sec)
Sate < VE  Velocity to the East, (ft/sec)
vector Vo Velocity Downward, (ft/sec)
VN Accderation to the North, (ft/sec?)
Ve Acceleration to the East, (ft/sec?)
(Vo Acceleration Downward, (ft/sec?)

Figure 25. Inertial state vector components.
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Theinertial reference frame parameters are collected in a vector called the “inertial state vector”. This
corresponds to the body state vector, except through an Euler angle transformation.

The calculation of the inertial accelerations from the body velocity derivative is shown in the state space
derivative Simulink diagram. The “casel _abmat” block is the output of the state space model for flight case 1.
There are two state space model blocks because different coefficients were hard-coded for the A and B dynamics
and control matrices for the two flight cases. The latitude and longitude calculation is shown in the lower |eft
corner. These equations are based on the spherical earth model as opposed to the WGS84 ellipsoidal earth model
currently in use by the aviation industry. The north component of velocity is divided by the sum of the earth radius
and the aircraft altitude to get latitude. The east component of velocity is treated similarly but also scaled by latitude
to account for the variation in the arc distance between degrees of longitude with distance from the equator.

V
lat=—N
2 Rearth + alt (21)
lon = Ve (22)
(R + 1) cos(la)

Simulink I mplementation of the State Space Model

The state space mode! isimplemented in the Simulink block “deriv_ab2”. The A and B matricesare
multiplied by the control input vector and the body state vector. The coefficients are multiplied column by column
because of restrictions on passing arrays in the version of Real-Time Workshop used. The state space model output
is transformed using the Euler angle inverse transformation I' " into the inertial reference frame to calculate the
north, east, and down velocities. The north and east velocities are used to calculate the derivatives of latitude and
longitude.
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Figure 26. State space derivative Simulink diagram.
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The latitude, longitude, north, east, and down velocities are part of the inertial reference frame description of the
airplane state. Theinertial velocities are not part of the state matrix simultaneous first order differential equations
as defined in the B-737 Autoland model. The Newtonian laws of motion that relate change in momentum to force
on a body assume an inertial reference frame (one that is not accelerated or rotating). Calculations are made with
respect to aninertial reference frame and the non-inertial body reference frame. It is more convenient to calculate
moments of inertia from non-inertial body reference frame as shown in the section on simplified torque calculation.

The body reference frameis not an inertial reference frame and exhibits fictitious forces due to its accel eration.
Thefictitious forces that are an artifact of rotation are the centrifugal and Coriolis forces. The laws of motion need
to be modified to account for these. A side calculation uses the output of the body state vector to cal culate the body
accel eration components from the body velocity derivative. These are converted to accel eration componentsin the
inertial reference frame. Theseinertial acceleration components are integrated to get inertial velocities for the next
time step. The velocities are integrated to get inertial position coordinates, latitude and longitude, for the next time
step. Finaly, theinertial velocities are transformed into body velocities using the Euler angle coordinate
transformation I" . In thisway, the centrifugal and Coriolis forces are accounted for. Thisiswhat makes the order
of calculation important.

Equations of Motion

The equations of motion module contains four component modules. Module “egmotnl” contains the
transformation of velocity from theinertial reference frame to the body reference frame using the Euler angle
transformation matrix. The effect of winds and gustsis applied in this block as well. The Dryden gust model
contained here will be discussed in a subsequent section.

The module “egmotn2” calculates the angle of attack ¢ , sidedlip angle [3 , various airspeeds, atmosphere state
parameters, and Mach number. The angle of attack and sidedlip angle are a simple trigonometric cal culation based
on body velocity components. The atmosphere state parameters come from a polynomial function of altitude [Ref.
21]. Density, temperature, pressure and speed of sound are obtained in thisway. Total body velocity, true air speed,
and calibrated airspeed are calculated from the body velocity components and Mach number corrections. The
following contains definitions of the different air speeds as shown in [Ref. 2, p 4-6].
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Table 4. Air Speed Definitions

Airspeed Meaning of Name Definition

IAS Indicated Airspeed Measured using a pitot tube and static port to get the
difference between total pressure and static pressure. The
pilot’sinstrument is calibrated to read this.

CAS Calibrated Airspeed The measured pitot and static port readings are corrected
to account for the pitot tube being not aligned with the
airstream at a non-zero angle of attack. Other
instrumentation and installation errors are accounted for.

TAS True Airspeed Actual speed at which the aircraft moves through the air.
CAS s corrected for non standard temperature and
pressure.

MACH Mach Number Ratio of true airspeed to the speed of sound.

Localizer and Glide Slope Error

The module “egmotn3’ calculates the position of the aircraft relative to the runway reference frame to support

the instrument landing system (ILS) for the Autoland. The latitude, longitude, altitude, earth radius, and runway
position coordinates are used to calculate the position of the aircraft in the runway reference frame. The aircraft
center of mass (gravity) position components in the runway frame are (Xog ,Yog ,H o ). Simpletrigonometry is
used to calculate the glide slope error GSE and the track error ETA for the ILS.
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37 10 m M é\(\’&

Track Angle (TKA)

Error in Track Angle (ETA)

37.05
-76.40 -76.35

Figure 27. Localizer antenna and error in track angle geometry.

Module “egmotn4” calculates the ground speed, track angle, and flight path angle. Ground speed isthe
projection of the true airspeed (TAS) on the ground. Winds cause ground speed to differ from true airspeed. The
flight path angle ¥ isthe angle of descent. It should be nearly the same as the glide slope during descent. The
difference between flight path angle and glide slope is exaggerated to distinguish between the two.
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1000

Altitude (ft)

‘(paral lel to runway)

Glide Slope ™"

Longitude

-76.4 370

Latitude

-76.3 36.9

Figure 28. Glide slope error (GSE) and flight path angle y .
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Dryden Gust Model

The Dryden gust model is based on empirically measured power spectra of wind velocity in turbulent air. Two
plots of the power spectrum measured by researchers [Ref. 16] are shown.

100,000 I L 1 T
10,000 {— —
<)
& 1,000 - —
100 - —
10 L L L 1
0.0001 0.001 0.01 0.1 1.0

Figure 29. Measurements of the power spectrum of atmospheric turbulence obtained at 300
feet from a meteorological tower [Ref. 16].
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Figure 30. Summary of Airplane Measurements of the Power Spectrum of Atmospheric Turbulence [Ref. 16].

The Dryden model is afunction form to empirically fit the power spectral data measured. The Dryden model
assumes that the turbulent gusts are random, homogeneous, and isotropic. The assumption of homogeneity implies
that the statistical properties of the gusts are the same for each point in the air mass. The assumption of isotropy
means that the statistical properties of the air mass do not depend upon spatial orientation. There is a dependence
upon the orientation of the airplane because of its motion through the gust field. This follows the background
discussion for turbulence models found in [Ref. 3, section 3.7.2]. Taylor’s hypothesis assumes that the gust field
does not change while the airplane is traversing it because the speed of the airplane is much larger than the speed of
the gusts. This hypothesis allows the spatial frequency to be transformed into the time domain by the velocity of the
airplane through the field. See [Ref. 5, chapter 10, p 318]. This assumption may be questionable in the case of wind
shear, but wind shear has been ignored in this context to simplify gust load analysis.
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Figure 31. Independent Gaussian Noise Signals Processed by Dryden Shaping Filtersto Form
Gust Velocity Components

The Dryden gust model uses band limited Gaussian white noise modified by shaping filters to approximate the
gust wind velocitiesin all three components of the body reference frame velocity. The derivation of the gust model
from the source data can be described as follows. Wind velocity datais measured, the signal is sampled, and then
the autocorrelation function is computed by numerical integration. The power spectral density is calculated by
evaluating the Fourier transform using the fast-Fourier-transform (FFT). A polynomial isfitted to the power
spectra, which is the Dryden power spectraform. Thisisoutlined in general in [Ref. 7, section 10.6, p 393].
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Dryden Gust Model Notation

Table5. Dryden Gust Model Notation

HCG Height of the aircraft center of mass (gravity) above ground level. (ft)
SJ Power spectral density
S
Sy
Q Spatia frequency (cycleg/ft)
L, Length scale for gust velocity for all three components (ft)
L, Length scaling for clear air < 1750 ft
L, 1
L, =145HCG)?
1
L, =145HCG)?
L, = HCG
vV, Magnitude of apparent wind velocity from the motion of the aircraft relative to the air mass
(inertial velocity adjusted to account for steady wind velocity components)
Vo = |VinertiaJ - Vwind |
o, Root mean square gust magnitude. (ft/sec)
o, oo
. o’ = j S(Q)dQ

The U and V components are the same as the input gust magnitude. The W component is scaled
by the cube root of the altitude measured from the aircraft center of gravity in feet. This accounts
for the boundary condition of zero vertical motion of the gust in contact with the ground.
1
— Gu

w= M(Hce)ﬁ

9
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The autocorrelation functions of the Dryden gust model from [Ref. 1, p 42, fig.120] are

R,(1)=e "

LT
Rg(f):e [1 2LV]

RW(’L') e [1_T)

The power spectrum functions for the Dryden gust spectraare:

2L, 1
m 1+(LQ)?

o L, 1+3LQ)2

" om fuy 0]

> L, 1+3(L,Q)?2
Q)=0, XL
Swg( )=0 on [1+(L Q)2]2

S, Q)=

5, (@=0

(23)

(24)

S, (Q) and SN (Q) are of the form of the equation for the lateral one-dimensional spectra given in [Ref. 6,
p 318, equanon (10.3, 12)] Hereisaplot of the v and w component power spectra produced by the Dryden power

spectrum functional form.
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Figure 32. Dryden Spectrum, Components Perpendicular to Flight Direction.

The reference to the “ Continuous random model (Dryden form)” given in [Ref. 3, p 424], differs by a factor of
two and iswrong. This has been a source of much confusion. The Sperry document [Ref. 9] turns out to use the
correct factors though one tends to be fooled by the authoritative appearance of the military specification compared
to the less formal Sperry document. An FAA survey document, [Ref. 1, appendix 1C, p 91], confirms this point.

Laplace Transform Transfer Function Derivation

The process of “spectral factorization” is used to derive the Dryden gust model transfer function for the random
number shaping filters. Thisisdescribed in [Ref. 7, section 10.6, p 393]. The Dryden model is arational
polynomial approximation to the measured wind velocity power spectra. The use of rational polynomials simplifies
the design of the Laplace transform transfer functions to shape the white noise for simulated gusts. The use of
Gaussian white noise to excite an assumed linear system is a necessary condition to be able to use spectral
factorization.

42



To perform spectral factorization, the power spectrum isfirst written as a function of w°.

2 L, 1
) =0
S,@ =0 o —
1+ o
VO

42 (25)

The notation to describe alinear system undergoing asingle impulse input is given here to be consistent with
that in [Ref. 7] on spectral factorization. Thiswill be an expanded derivation from that shown in [Ref. 7] applied to
the special case of the Dryden gust model. The case of asingle scalar input and output modified by atransfer
function will be considered as the gust component shaping filter. The function H (t) isthe response of the linear

system to an impulse asinput. The Laplace transform of the impulse response is the system transfer function in the
complex frequency plane S. The response of the system to random input is also considered. Gaussian white noise
isaspecial form of random input used to simplify the spectral analysis of the system’s frequency response.
Gaussian white noise has a mean of zero and aflat power spectrum. Use of the white noise abstraction permits
simple expressions for the output of the system in the time and frequency domains. The following relations for a
linear system come from [Ref. 7, p 390].
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Linear System

u y
)] H
Input Output

Figure 33. Linear system input-output relationship

Table 6. Laplace Transform Notation
H (t) Impulse response in the time domain

H(s), L[H(t)] Transfer function in the frequency domain

Table 7. Input-output Relation for Linear System with Deterministic Input and with White Noise Input

Domain Deterministic inputs White noise inputs
Time domain t o
y(©) = [H(t = Aurydh R,(1) = [HEQH &+ 1)
0 0
A=t-1
Frequency domain y(s) = H(s)u(s) S, (w) = H(-jw)QH'(jw)




Spectral Factorization

A transfer function expressed in the Laplace transform complex frequency domain S isthe transform of the
output function divided by the transform of the input function.

H(s) =% @)

[Ref. 7, p 393, 394] shows the process of expressing H(s) asthe ratio of polynomialsin S, then asaratio of
polynomialsin @" .

H(s) = y(S) _ BT+ Bis T+ + By

u(s) S+ ST +..to @0
To perform spectral factorization, reverse the process. Begin with the spectrum expressed as aratio of
. . 2 . . .
polynomialsin . Factor the expressionsin the numerator and denominator,
ys) _ .(s=2)(s-2)..(s-7,)
H(s) = =c ke (28)

us)  (s=p)(s—p,)..(s—p,)
then solve for poles and zeros. Set each factor to zero to find aroot of the equation. Roots in the denominator
are poles of the transfer function, and roots in the numerator are zeros. Choose the sgquare root for the zero and pole
expressions to keep the transfer function in the stable part of the complex plane, the left half-plane. Choose the
square root with the positive real part in the numerator and denominator in order to make H(Ss) have poles and zeros
in the left half-plane. Thisis called the “minimum phase” factorization [Ref. 7, p 395].

S=0+jo

Want Poles and Zeros to be Here

Figure 34. Complex frequency plane
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Step 1.

Write Sy asarationa function of @*. Tobe specific, the transfer function for the u, component of the

Dryden gust velocity will be calculated. The power spectral density as arational function of o’ is

L 1

o~ 2 M
S, (@) =0, Y (29)

o

'_\

+
/X

S

\_/N

e

N

Define the numerator function,

N(w®) =1 (30)
and define the denominator function.
2
D(w?) =1+ L) g2
v, (3D)
Both are rational functionsin a)2 .
Step 2.
Find the roots of N(w?) and D ()
Using the factor theorem from the algebra of nth degree equations from [page 224, Eshbach]:
f(x)=ax"+ax""+---+a,=0 (32)
If, and only if, (x—r) isafactor of f(X),then f(r)=0.
First, solve for roots in the numerator.
2y _
Numerator: N(o®) =1 (33)
Notice that the numerator is a constant for all @ .
Next, solve for roots in the denominator.
2
L
2 2
Denominator: D(0") =1+ (V—u} ® (34)
0
D(0%) = (0" ~B1)(®" ~B,)...(0" ~By) (35)
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Taking the first one of the factors,

(0)2 -By)

To cast the right hand side of equation (34) into this form,

2
L
0= 1+[—“) o’
VO

Step 3.

Find the poles and zeros of the transfer function.

Pole of the transfer function p, = \/B

-1
Py :i'j i
Vo

Make necessary factorization to keep imaginary part on ®.

0=0’-B

0= (0= \B)@+B)
oo e
-l

(36)

(37)

(38)

Substitute the result of the pole and zero calculation back into the power spectral density formula given white

noise input.
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S, (@) =H(- jo)QH'(jw) (39)
(@ -2°) (0 -7,")
(@ - p,°) (@ - p*)
(—jo=-2)(Cjo-27.,) (jo-2z)(jo-2z.)
(—jo-p)(-jo-p) (jo-p)-(jo-p)

S,, (@) =cQ

S, (@ =c*Q (40)

Make the substitution using the factorized denominator.

1 1

[ob e

Place the factor in the position for the transfer function H(S) . Use the factor that does not have polesin the
right half of the complex plane.

5, (@) = cQ

Step 4.

Choose the transfer function filter gain c. Let the spectral density of the white noise factor, Q , be unity for

Y Thetransfer function that resultsis

now. It will be accounted for later. Choose Q tobeland c” to be Guz
0
used to make the longitudinal gust velocity component shaping filter.

L 1
I"Iug (S) =0, y (42)

[

The transfer function for the lateral and vertical gust velocity components can be derived in asimilar manner.

1+\/§55
W, (=0, | Yo 43
C ] i
—s+1
VO
T 1+\/_\L/Ws
H, (=0, |- : (44)

(s b
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Gaussian Band Limited White Noise

This discussion follows one given in the [Ref. 9]. The Dryden model requires Gaussian band-limited white
noise as an input to the shaping filters. White noiseimplies aflat spectrum out to a frequency @ determined by
2

the sampling frametime T . The spectrum dropsto zero at higher frequencies. A coefficient needs to adjust the
bandwidth of the transfer functions to match Gaussian white noise. The coefficient Q will be used to do this.

u(t)
{k

%Te

Sampling Interval
Figure 35. Time history of aturbulence component which approximates a Gaussian distribution.

Gaussian white noise comes from a pseudo-random sequence of numbers which follows a Gaussian probability
distribution. The motivation for this comes from the central limit theorem, which states that a Gaussian distribution
approximates the distribution of arandom variable, which is afunction of other random variables, which are
independent of each other. The Gaussian distribution has the properties of having a mean of zero and a variance of
one. A variance of one also implies a mean square value equal to one.
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S(w)

Figure 36. Power spectral density of a turbulence component as approximated by white noise.

The area of the Gaussian probability distribution curve is equal to one. The Gaussian white noise spectrumis
assumed to have an area equal to one like the Gaussian distribution. Since the Gaussian white noise spectrum is flat
and has an area equal to one, the magnitude S, can be solved for in terms of the sampling frequency o .

1 1 T
S T T o (45)
where
®" istheangular sampling frequency
f* isthe sampling frequency
T isthesamplinginterval
Following adiscussion given in [Ref. 7], adjust the constant Q in the power spectral density formulato
account for Gaussian band limited white noise input.
S(w) = H(- j0)QH'(j) )

Substitute 1 for Q.
S

S(0) =H(-jo) Siu'(jw)

0
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1

s

Substitute for the coefficient S, from equation (45).

1

s

S(w) = ——=H(-jo)——H(jo)

2 . 7., .
w) =, —H(-]w),|—H(jo
S() = | H- o), H(jo)
Define the coefficients to be part of the transfer function for the shaping filters.
S(w) = 6(- j0)6(j)

The shaping filter transfer functions with the new coefficients for each gust component are:

6.(9=0, 2L, 1

"[ih

1+\/_53
Lv VO
G, (s)=0, 5
™G (L
— k+1
VO
L
1++/3"s
L \'A

G,(8)=0,,=;

ek
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Figure 37. Independent Gaussian noise signals processed by Dryden shaping filters to form
gust velocity components.
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Z-transform Transfer Function Derivation

This derivation is expanded from that given in [Ref. 9]. The discrete Z-transform function expression
of the Dryden gust model starts off as a modified Laplace transform model. The gust model shaping filter
is split into two cascaded filters evaluated in series for the v and the w gust components. Thefirstis
called the lag filter and the second the lag lead filter.

Unoise Lag filter » U

Vosice Lagfilter |—| La@lead | v,
filter

Wigise —> Lagfilter |— ::_Iﬁ:gerlead - Wg

Figure 38. Lag and lag lead filters to replace each shaping filter.

Table 8. Constants for the Series Lag and the Series Lag Lead Filters.

u \% W
o 1 1 1
—B —B —B
V3 V3 NEN
P Vo Vo Vo
LU LV I_W
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Figure 39. Lag and lead lag filters replace each shaping filter.

The Laplace transform frequency domain expressions for the lag and lead lag filters are found in figure
39. The Z-transform implementation of the continuous lag and lag lead filters follows. First, modify the
notation of input and output to alinear system to match that used in [Ref. 15].

U(s)

u(t)

G(s)

Y(s)

N

y(t)

Figure 40. Linear system with transfer function G(S) .

To convert from the Gaussian white noise input to the gust component output, a transfer function
represented by G(S) isused. Thiswas derived from the Dryden theory of wind gusts through the process

of spectral factorization.



U(s U*(s) Y(s) Y'(s)
© JoH( |, e |,
u(t) u*(t) y(t) y (1)

Figure 41. Sampled equivalent of alinear system with transfer function G(S) .

Figure 41 shows the linear system with the triangular hold transfer function added in series. The
linear system has a continuous function input U(t) that is represented by the graph in figure 42(a). The

asterisk notation means “a sample of”. The switch represents adigital sampler. An equivalent ideal
sampler can be imagined to exist and is represented mathematically by atrain of delta functions of unit
amplitude occurringat T instantsintime. Seefigure 42(b). The same thing shown symbolicaly is:

O;()=0(t—0)+0(t—T)+d(t—2T)+d(t—3T)+...+ 3(t —KT)

5:() = 5(t—kT) (51)
k=0

The function u(t) when sampled at the T instantsin time can be thought of as being the product of
the val ue of the continuous function and the delta function. This new function is given the name u” (t)

using the asterisk notation. Thistrain of scaled impulsesis shown in figure 42(c). u”(t) shown
symbolicaly is:

u'(t) = u(0)d(t — 0) + W(T)d(t — T) + u(2T)8(t — 2T) + ... + u(kKT)d(t — KT)

Which is an infinite series expressed as:

u(t) = iu(kT)B(t —KT) (52)
k=0

To solve the differential control equations algebraically, the Laplace transform representation is useful.
It transforms the equationsin time to be equations in the complex frequency plane s. The definition of the

Laplace transformis:

Llu()]=(s) = [ e “u(t)dt (53)
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The Laplace transform of u”(t) isgiven by:

U (s) = u(O)L[5 (t = )]+ u(TL[S (t = T) ]+ u@T)L[S (t = 2T) ]+ ... + u(KT)L[S (t = kT)]

When the function is sampled, thetermsonly existfor t =0, T, 2T ..., KT .
U'(s) =u(0)e’ + u(T)e ™ +u(2T)e ™ +...+ u(kT)e ™

The result isthe Laplace transform of a sampled function expressed as an infinite series.
U'(s) = D u(kT)e™*™ (54)
k=0

At this point, define z = e™ and substitute to get the z transform that corresponds to the Laplace
transform sampled periodically.

U(2)=U"(9) 1, =D ukT)z* (55)
T k=0
Noticethat s transformsinto z with

1
s=—Inz. 56
= (56)

56



u(t)

(@)
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A
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| 4 |
DT
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Figure 42. (a) A continuous function. (b) A train of impulse functions. (c) A train
of impulse functions multiplied by the value of the continuous function at each
sampleinstant
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Theideal sampler, represented in figure 41 by a switch, is used to get samplesof U(s) at T instants
intime. Thistime history of impulses or “spikes’ have high frequency components and will affect the filter
G(S) very differently than the original continuous signal. To prevent this distortion, a reconstruction is

made using a polygonal hold block. The polygonal (also called triangular hold) reconstructs the signal and
has lower frequency components and much more closely matches the original signal being applied to

G(S) . Figure 43 shows how a continuous function u(t) can be approximated using this polygonal hold
technique [Ref. 18].

u(t)

time

Figure 43. A polygonal hold piecewise linear approximation to the continuous function u(t) .

The polygonal hold is like the trapezoidal rule of numerical integration. The function being
approximated is replaced by piecewise linear chord segments of the curve. The chord slopes can be
thought of as being constructed from the sum of pairs of triangular functions.
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-T 0 T 2T :

Figure 44. Details of the two triangular generating functions used to generate a
segment of the polygonal hold approximation.

_ oYM
0,(t) =0+t T

g,(t) = u(0) + t(o - @)

g:() + g,(t) = u(0) + t[@)

This mathematical construction requires astarting point — T and temporary origin at each sample
point. Thistriangle can be further thought of as being constructed by the superposition of three ramp
functions. These ramp functions can be converted into their Laplace transform equivalents more easily
than the original construction. This solution isagraphical aid to justify the process. Another method uses
aset of infinite seriesto make this approximation in a more forma mathematical way but is not included
here.
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(a)

-T 0 +T
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(b)
-T o0\ +T
_2
T

Figure 45. Thetriangular hold function as the superposition of simple ramp functions [Ref. 18].

The triangle generating function as a sum of ramp equationsis:
1
hy (t) = ;(t +T)

mm=—$t (57)

mm=$a—n

The Laplace transform of each ramp equation according to the Laplace transform definition is

H,(s) = 1 J‘te*“dt + J.efgdt
T -T -T

H,(s)= —%]‘;te‘s‘dt (58)
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H.(s) = 1 _[te‘s‘dt — J e dt.
T T T

Begin the integration at one time step before time zero to permit this construction. This amountsto a
modification to the usual definition of integration limits of the Laplace transform. The function being
transformed can be restricted to be zero during the one negative step to prevent any convergence problems.
It can also be looked at as an approximation that neglects only one step and will be very similar to the result
if the integration limit started at zero. Change the integration limit to allow one integral term to be split in
two. Thistechnique is used to make the integration limits of several terms match so that they can be
algebraically added and cancel ed.

= T =
() = > [tedt+ > [+ [eat
T T T -T T
H,(t) = —ETte—“dt —Ejte—“dt (59)
’ T T T 0

H(t) = 1 Jte‘s‘dt - j e Sdt
T T T

Add the Laplace transform of each of the three ramp functions together.
H, () = Hy(s) + H,(s) + Hy(9)

Thefirst term of each of the component functions when added cancel to zero, and the last term of
H,(s) and H;(S) cancel. The remaining terms sum to

1 T T 2 T
_ - —st = —st
HA(s)_T_jTte dt+_jTe dt T!te dt . (60)
Useintegration by parts on thefirst and last term.

1|,e% ¢€*
“A@:‘?[t?*?]

Factor the result to get the expression in [Ref. 18].
2 1 5

¢ Te (61)

1
H,(s) = 2 e’ —

Multiply this expression by e™e™™ and regroup to factor and obtain the expression for the triangular
hold transfer function in [Ref. 9].
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e+Ts (1 _ e*TS )2

H,(s)= T (62)
The digitally sampled equivalent of G(s) is G(z).
G(2) = Z[H, (5)G(s)] (63)

Likewise U(s) is replaced by U(z), and Y(s) by Y(2).

Figure 46. Z-transform equivalent of a continuous linear system.

Lag
u z|H, !
um)ise_’ coeff | —» A S+Bu > I/lg
Lag Lead
1 s+a,
S vy B I N Y

s+pB

w

1 s+ o,
Woise M)coeﬁC —|Z (HA ) z (HA Wg

Figure 47. Z-transform version of the shaping filters showing the component
Laplace transform expressions and the sampling function.
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Lag Filter Case

The conversion of the Laplace lag filtersto the Z-transform representation is described here. First, write
thelag block intermsof s. Then insert the sample and hold. Thetriangular hold transfer function and the
lag transfer function are converted to the Z-transform representation together. This section closely follows
an example from [Ref. 15, p 165-166]. Start with the combined triangular hold and lag filter transfer
functions. Thisanalysis appliesto al three Cartesian velocity componentsu,V,w. Leave the velocity
subscripts off for clarity.

Ylag (S) B eTS(l_ e—TS)Z 1

- 2 (64)
U, (s) Ts s+
eTS (1_ efTS)
Let G(s) represent T B to be consistent with the notation used in [Ref. 15]. The product
S S+
. (1-eT™) .
of the remaining —— = factor with the rest becomes
S
1_ e—TS
X = L= Jg(g) (©5)
S .

To find the Z-transform of this product, movethe S in the denominator to be under G(S) and define
G,(S) tocontainthe s

X9 =1-e™ 8 _1_e™)g,(9)
S (66)
where G,(s) = &:)

Use the distributive law to multiply out the product and examine the second term.

X, (s) = €6, (s) (67)

The function X, (S) can be considered the product of two L aplace transformed functions e ' and

Gl(S) . The product of any pair of Laplace transformed functionsin the S-domain corresponds to the
following convolution integral in the t -domain from the basic properties of the Laplace transform
[Ref. 10, p 18].

% () = [ golt - D)9, (t)ckr (69)
0
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Let:
go(t) =L'[e™]

gl(t) = I-il[Gl(S)]
Next, perform aside calculation to get g, (t).

Tofind gy(t), use the delta function definition and the Laplace transform definition. The delta

function (impulse function) is a special limiting process that returns a one for an argument of zero and zero
everywhere else. From the integral definition of the Laplace transform obtain:

L[go(t)]=Te“Sgo(t)dt (69)

Since the Laplace transform looks like the exponential factor of the integrand, try using the property of
the delta function that pulls whatever is multiplying it outside the integral sign when its argument is zero.

Try &(t —KT) as gy(t).
L[g, (D] = Te“se} (t—KT)dt (70)

O(t — KT) isnon zero only for t = KT . It pulls the function value out of the integral only for values
of t=KT.
L{g, ()] =L[5(t-KT)] =™

For thiscase k=1.

0o(t) = 8(t — T) isthetime domain function correspondingto € ™.
Now, returning to the convolution integral calculation, the two factors of the integrand are given by

o(t) =8(t-T)

gl(t) = I-_l[Gl(S)] .

The deltafunction selects the value of g, (t) attime (t—T) when T is (t—T).
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X (1) = [8(t-T - 1)g, (t)dr
0

X (t) = g,(t-T)
Take the Z-transform of both sides:
Z[x,(1)] = Z[g,(t - T)]
Define the Z-transform of the function g, (t) to be
G,(2) =2[g,(1)]. (71)

From the Z-transform real trandlation theorem (shifting theorem), [Ref. 15, p 52], the Z-transform of
g:(t) is

X.(2) =2[x ()] =2[g,(t-T)I=276,(2). (72)

From equation (66),
() = (1-€)6,(s)

taking the Z-transform of both sides we get
Z[X(s)] = Z[(1- & )6, (9)]
X(2) = Z[Gl(s) - e_Tscl(S)] .

Replace the Z-transform from the s -domain of the first term with the corresponding Z-transform from
the t -domain.

X(2) =2[g,(t)] - Z[e "6,(9)] (73)
Use equation (67) to substitute for the second term.

X(2) = z[g,(1)]- Z[X,(5)]

X(2) = 6,(2) - X,(2) (74)

Use equation (72) to substitute in place of the second term of equation (74) and factor common terms.
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X(2) =6,(2)-276,(2)
X(2) =(1-2")6,(2) (75)

To summarize this process, if X(S) involvesafactor (1— e ™), then to obtain the Z-transform of

X(s), theterm (1— e ™) may be factored out so that X(Z) becomes the product of (1— z™*) and the
Z-transform of the remaining term. Asacheck, remember that from the definition of z from sampled
control theory, z= e’ [Ref. 15, p 150]. Make this substitution to verify the correspondence between

(1-e ™) and (1-2z1).

X(2) =Z[K(s)] = (1- 21)2[&:)] (76)

G(s
Substitute back in for L and repeat the process to get the Z-transform of the second (1— e_TS)
S

factor. Take the Z-transform of the second (1— e '®) factor and the rest:

1
1-zhzle®1-e®) 5 —
Ts (s+ B)
In like manner to the process that pulled out the (L— z™*) factor, the (L— e ™) factor is pulled out of
the Z-transform operator.

-1 -1 Ts 1
X(2=(1-z2")1-z )Z[e m] 77

Consider the remaining Z-transformed product:

Z[eTs ;]
TS’ (s+ fB)

G(s)

Again, let G(S) be redefined to represent with G,(S) =

1
Ts(s+ B)
Redefine X,(S) to be the product of the two Laplace transformed functions €™ and G,(S).

K, (s) = €™6,(s) (78)
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Again, use the Laplace transform convolution integral of a product of Laplace transformed functions to
get the output function of alinear time-invariant system.

X (1) = [ golt - D)g;(t)ck (79)
Let:
Go(s) = €”
1
()= Ts*(s+ B)

go(t) =L [e"]

gl(t) = L_I[Gl(s)]
Next, perform aside calculation to get g, (t).

As before, use the definition of the Laplace transform and the delta function considered as a possible
solution.

Since the Laplace transform looks like the exponential factor of the integrand, try using the property of
the delta function that pulls whatever is multiplying it outside the integral sign when its argument is zero.
Thistime there is a positive exponential result desired. So the deltafunction isadvanced by T instead of
delayed by KT .

Try 8(t+T) as go(t).
L[g,(t)] = T ess (t+T)dt (80)
0

O(t+T) isnonzeroonly for t = —T . It pullsthe function value out of theintegral only for values of

t =—T. Thisisaproblem sinceit isjust to the negative of the limits of integration. The limits of

integration will be extended on sample period T before zero. This approximation depends upon the
function being small or zero when time is less than zero.
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L[g, ()] = Te‘tsé(t +T)dt (81)

L[g,(t)] =e™

Go(t) =8(t+T)

0o (t) = 8(t + T) isthe time domain function corresponding to €.

Now, back to the calculation of the convolution integral where the two factors of the integrand are
given by

go(t) =L [e"] =6(t+T)

g9,(t) = L_I[Gl(s)] )
Use the delta function to select the value of g, (t) attime T=—-T . Tomaketime —T under the

integral, the limits of integration must be extended one sampletime T before zero. This approximationis
like the earlier one made with the Laplace transform of the exponential function derivation.

(1) = [ go(t-7)g, (Ve (82)

-T

Substitute for gy (t) .

X (1) = [8(t+T -1)g,(t)dr

Theintegral isnon-zeroonly for T=t+T .
X (t) =g, (t+T)
Take the Z-transform of both sides:
Z[x, ()] =2[g,(t+T)]

From the Z-transform real trandlation theorem (shifting theorem), [Ref. 15, p 52], the Z-transform of
g,(t) is

X (2) =Z[x,(1)] =2[9,(t + T)] = 26, (2) — 2¢(0) . (83)
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The second term can be neglected for x,(0) small or zero at time zero.

X,(2) = 76, (2) (84)

Substitute back into equation (77).
1
X(2)=z(1- z")°Z| ———— 85
(2) =« ) [TSZ(S+B)] (85)
In the table of Z-transforms [Ref. 15, p50], there is an entry of the form
2 _ —ar _pal _ —al \,-1715,-1

2a— , corresponding to [(aT —1+e )—':1(]; © 7 a:ll_e )21z . (86)
s*(s+a) 1-z)Q1-e*z7)

Replace a by B and divide the right side of equation (85) by B2 to match the factor to the one from
thetable.

-1\2 1 ﬁz
z(1-z") Tﬁzz[sz(s+[3)} (87)

Plug in the Z-transform from the table and obtain:

1 [BT-1+eP)+@-ePT —pTe ")z ']z
i (1-zh*@a-ePz7)

Z(1-z71)?
T

Simplify and rearrange

1 BT-1+e?")+(1-eP" —BpTe?")z?

TB? 1-ePTzh) (88)

The following is taken from the definition of atransfer function from linear theory:

OUtPU(Z) _ e transfer function
Input(2)

Y20 1 (BT-1+eM)+(1-e" -pTe’M)z*
Uz) TpB? 1-e7zY)
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Arrange terms using algebra:

Y(2)(1-e Pz = iz (BT —1+eMUu(2) + 7?2 (1-e " - BTe )z U(2)

T3

! 1-e’ - pTeM)z'U(2) + =

_ BT
5 T[32(ﬂT 1+e”)U(2) (89)

Y2)=e""zY(2) +

The real tranglation theorem (shifting theorem) of the Z-transform from [Ref. 15, p 52]:
If X(t)=0 for t <0 and x(t) hasthe ztransform X(Z) , then X(t —nT) = z""X(2)
where n is zero or a positive integer.
For the case where n is0,
x(t) =X(2) .
For the case where n is 1,
X(t-T)=z"%K(2) .
Consider only the instants of time when sample frames are taken KT where k isthe frame number:
Y(2) isreplaced by Y(KT),
2'Y(2) isreplaced by Y(KT - T),
Z2'U(2) isreplaced by U(KT —T),

U(2) isreplaced by U(KT).

Y(KT) = e P Y(KT —T) + = 1Bz [1-e# - BTe* |ukT -T)
1 R,
* 15 [ BT -1+ & | u(km) (90)
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Define the coefficient symbols:

_Vo

b= L
1 1

A==|1-—(@1-D 91
B[ TB( )] &1

1
B=—A+=-(1-D
+B( )

D=e"T

Perform the algebraic manipulation and the difference equation for the lag filter in order to derive the
form found in the gust model code. [Ref. 9]

First order time lag as afunction of timeis:

Co[KT]=D-C [(k-D)T]+B-E[(k—=1)T] + A-E[KT] (92)

lag

First order time lag as afunction of zis:

Cy(2=D-C(z")+B-E(z")+ A-E(2) (93)
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Lag Lead Filter Case

The conversion of the Laplace lag lead filters to the Z-transform representation follows the lag filter
case of the previous section. As before, write the lag lead block interms of S. Then insert the sample and
hold. The triangular hold transfer function and the lag lead transfer function are converted to the Z-
transform representation together. Start with the combined triangular hold and lag lead transfer functions.
This analysis applies to the velocity components v and W that are not in the longitudinal motion direction.
The subscripts can be |eft off for clarity.

cIag_lead (S) . eTS(l— e_TS)2 S+o
Elag_lead (S) TSZ S+ ﬂ

(94)

e®(1-e™) s+a
Ts? S+

-Ts

Let G(S) represent . The product of the remaining (1— e~ '°) factor with the

rest becomes

X(s) = (1-€)G(s) (95)

-Ts

To summarize this process, if X(S) involvesafactor (1—€'°), then to obtain the Z-transform of

X(s), theterm (1— e ™) may be factored out so that X(Z) becomes the product of (1— z™*) and the Z-
transform of the remaining term. As acheck, remember that from the definition of z from sampled control
theory, z = e’ | [Ref. 15, p 150]. Make this substitution to verify the correspondence between

(1-e ™) and (1-2z").

X(2) = Z[X(s)] = (1~ z™)z[&(s)] (96)

Substitute back in for G(S) and repeat the process to get the Z-transform of the second (1—e™°)

factor. Takethe Z-transform of the second (1— e~ '°) factor and the rest:

(1- zl)Z[eTS(l— &™) —Tsf( Zfﬁ)]

In like manner to the process that pulled out the (1— z™) factor, the (1— e~ '®) factor is pulled out of
the Z-transform operator.

] 1 s S+
1-z7)1-z )Z[e W] (97)

e™ canbe pulled out and convertedto z. See the two pages preceding the equation (85) result in the
section on the lag filter case for the details.
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z(1—z‘1212[ Sto ]

T | s°(s+ B)
z(1- 2‘1)212[ t . “ :| (98)
T [ s(s+B) s°(s+p)

In the table of z transforms from [Ref. 15, p 50], there is an entry of the form

2_ (99)
s(s+a)
and also an entry of the form
2
a
. (100)
s°(s+a)

Manipulate constants to get the table factor form

21-77 12 1 B o p | (101)
T |Bs(s+B) B*s*(s+h)

and plug in the Z-transform from the table to get

Z(1-z1)

2101 (@-efN)z! o [BT-1+ePT)+1-ePT —pTe?T)z ']z
TIB@a-zYHa-ePTz?Y) B2 1-z12@a-ePfTzh '

Simplify and rearrange.

0 2_1)1[1 (1-ePT) L [T -1+ ey +@-eP" —BTe‘BT)z‘l]]

T|BA-e?zh) p2 (1-zHa-ePTzh

BT ey (102

1 [ Bl-zH(1-eP)+o[BT -1+eP)+1-ePT —pTe ™™ )zl]:|
The following is taken from the definition of transfer function:

Output(z)

= thetransfer function
Input(2)
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Y20 1 [[3(1— ZHYA-e"M)+ (BT -1+ )+ (1—e " — BTe ")z

U(z2) T B2 1-efTz*

Arrange terms using algebra.

Y(2)1-e "z = %2 [a@-e" - BTe )+ B(l-e ™ — 1) 7u(2)

1

157 [BT-(@-e")]uz)

+

a(l-e?" — BTe)z7U(2)

Y(2)=e " 7Y(2) + le

1 (e
+Tﬁ20![[ﬂ' (1-e")]u(2)

Using the shifting theorem of the Z-transform,
Y(z) isreplaced by Y(KT),
zY(2) isreplaced by Y(KT —T),
zU(2) isreplaced by U(KT —T),
U(2) isreplaced by U(KT), and

(04

— BT _
Y(KT) =e " Y[(k 1)T]+TB2

(1-e" — BTeMU(k -DT]

X BT 14
+Tﬁ2(ﬁT 1+ e )U(KT)

where Kk isthe frame number.
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Define the coefficient symbols:

_Vo
B_L
1 1
A==|1-=(@1-D
B[ T )]
D=eP®T (105)
1
1— —
1 V3
| =— 1-D
5| BT )

J=—1+2a-D
+B( )

Perform the algebraic manipulation and the difference equation for the lag filter in order to derive the
form found in [Ref. 9] and the gust model code.

First order lag lead as afunction of timeis:
Cog 1eaa[KT]1 =D Cy 1 [(K=DT]+ J-E[(K-D)T] + I -E[KT] (106)
First order lag lead as afunction of zis:

Cog lead (2=D *Clag_read (z1)+J-E(ZY)+ 1 -E(2) (107)
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Random Number Generator

Knuth Uniform Gaussian Random I\?;“;’}?éx\\/gte
Random Number |~ | Number — D e
Generator Transformation Fil)t/ers aping

Figure 48. Uniform random numbers modified to produce Gaussian white noise.

A portable uniform random number generator is selected from [Ref. 17, p 283] originally written by D. Knuth.
This replaces the random number generator used in the Airlab simulation, RANFP, which was found to have
problems. Airlab did not have a great need for gust response and the random number generator was not given much
attention when the software was converted from the CDC NOS machine to the VAX 750. Periodicity in some
observed control parameters pointed to a problem with the Dryden gust model. The periodicity was traced to the
random number generator RANFP. A plot of a400 number sequence of random numbers produced by RANFP
followed by 400 numbers from the D. Knuth generator “ran3Knuth” is shown for comparison.
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Figure 49. Uniform random numbers from RANFP, 400 values.
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Figure 50. Uniform random numbers from ran3K nuth, 400 values.
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Except for an unexplained factor of 10 scale decrease, the RANFP doesn’t look too bad at first glance.
However, if the first 200 numbers are paired with the second 200 numbers and plotted as an (x,y) coordinate pair, the
following non-random behavior is produced by RANFP. Notice that figure 51 and 52 do not have the same scale.
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Figure 51. Pairs of uniform random numbers from RANFP.
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Figure 52. Pairs of uniform random numbers from ran3Knuth.
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The Knuth generator, ran3Knuth, based on ran3 from [Ref. 17, p 282], is designed to be portable across
different computer systems. Thisimplementation has been verified to work with Sun FORTRAN, and Sun as well
as Windows95 PC C, and Simulink, and C code generated from Simulink Real-Time Workshop.
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Figure 53. A 50 bin histogram of 10000 Gaussian distributed random numbers from gasdev.

The uniform random numbers need to be modified to generate the required Gaussian distributed white noise for
the Dryden gust model. The Box-Muller transformation method is used to generate a Gaussian random number
from a uniform random number. Subroutine “gasdev” from [Ref. 17, p 289] is used to generate Gaussian random
numbersin the B-737 Linear Autoland Simulink Model. Figure 53 shows the expected bell-shaped curve Gaussian
character of the numbers generated. Figure 54 isaplot of pairs of the Gaussian random numbers and is evidence of
the lack of unwanted periodicity.
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Figure 54. 5000 pairs of Gaussian random numbers from gasdev.
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Autopilot

Control Concepts

Manipul ated
Variables U
Reference throttle Controlled
Input Error | Controller elevator Plant Output
aileron _ >
r (Autopilot) |~ qqe | (Airplane) C
Autopilot _— Actua Airplane
Set-Point Heading
Primary
Feedback
Figure 55. Basic control terminology adapted from chapter 2 [DiStefano I11].
. Control Set Point

A controller and a plant use feedback to maintain adesired state of the system. The desired state of the system
isfed in through an input and compared with the present state of the system in a summing junction. The difference
in the two valuesisthe error signal. Thiserror signal is sent to the controller which calculates the “ manipul ated
variables’ so asto move the plant closer to the desired set point. The state of the system is sent back to be compared

with the input and is output as the new state of the system. This completes the “feedback” loop.

° Control Error

“Error” used in the feedback control context means the difference between the commanded and preexisting

state of the system. It is not used in the sense of being a mistake or system defect. The controller attemptsto
minimize this error signal.
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. Localizer Error

The lateral autopilot performsits function by minimizing the track angle error and localizer error using the
ailerons and spoilers. The angle from true north to the runway centerline is subtracted from the angle from true
north to the aircraft position track and this becomes the track angle error. This differenceisthe aircraft track angle
misalignment with the runway. Thisisthe error that prompts most of the lateral control action to change the
heading angle to align the aircraft track with the runway. Once the aircraft is close enough to the localizer runway
radial (also the runway centerline), afiner heading correction that uses the localizer ILS radio signal deviation
begins. Thissignal partially opposes the track angle error to prevent the aileron control action from causing the
aircraft to overshoot the runway centerline. The track angle error effect on the heading still predominates that
continues the parallel alignment with the runway. Fine corrections by the localizer radio signal are added to the
track angle error to keep the aircraft on the center of the runway until landing.

37.10 m M P*(\\é‘“a

v A
Track Angle (TKA) \

/

TKA

>

e Localizer Error (ETA)

37.05
-76.40 -76.35

Figure 56. Track angle and error in track angle geometry relative to the airport runway.
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o Glide Slope Error

The longitudinal autopilot attempts to minimize the difference between the flight path angle to the glide slope
ILS transmitter and the desired glide slope angle. This glide slope error is the set point for the pitch control. The
elevator and stabilator are used to mimimize this error. Thisis prevented once the flare atitude is reached and a
preprogrammed sink rate and pitch is commanded using altitude as a reference.

~';_,’1000
o) \
=
<
AN
0
-76.6
Longitude .
Latitude
-76.3 36.9
Figure 57. Glide slope error (GSE ) and flight path angle vy .
. Manipulated Variables

The variables that a controller uses to change the state of the plant are the “manipulated variables’. A very
simple airplane is completely controlled using the throttle, aileron, elevator, and rudder. The B-737 has additional
control surfaces and automatic systems, though the throttle, aileron, elevator, and rudder are the most important.
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Figure 58. Flight path with fixed command inputs.
. Natural Frequency

A physical system described by differential equations such as an aircraft will have a characteristic frequency
that arises from a displacement from equilibrium. In the case of the aircraft airframe model, the equilibrium for the
control systemisstraight and level flight. If the aircraft is perturbed from level flight, and the design is a stable one,
it will oscillate about the straight and level path as shown. Thisistrue for the case with no restoring control inputs
called “open loop”. If there are restoring control inputs attempting to maintain a course as an autopilot does, then
the “natural frequency” of the “natural response” is hidden by the action of the control system.

. Stability

A physical system is considered “stable” if a bounded input produces a bounded output. Another type of
stability isthat if a system is displaced from equilibrium, it will return to equilibrium after oscillations at the “natural
frequency” which decrease in amplitude. A system is“unstable” if a displacement from equilibrium causes further
movement away from equilibrium. If unstable, the oscillations increase in amplitude. For an aircraft airframe, the
tendency to return to a straight courseis related to the relative position of the center of pressure and the center of
mass (gravity). The center of mass needs to be in front of the center of pressure to naturally keep the front of the
vehicle facing the apparent wind as demonstrated by the action of awind vane. Control surfaces must counteract
this tendency toward straight flight to cause the aircraft to turn. Sometimes other design considerations trade of f
wind vane stability in favor of maneuverability and stability augmentation is used. The yaw damper is alateral
control system stability augmentation system.

84



. Symmetry

The symmetry of the typical airplane allows separation of the control of the longitudinal motion from the
control of the lateral motion [Ref. 20, p 48]. The symmetry reduces every rolling torque and side force to zero. This
approximation still is good for small turns and sidedlips. The B-737 autopil ot makes this approximation and
separates the longitudinal control system from the lateral control system.

. Rate Control

The aileron is arate control device. The angular velocity of the roll is proportional to the angular deflection of
the aileron control wheel. Aslong asthe control whedl is deflected, the airplane will roll with a constant angular
rate.
. Position Control

The elevator is a position control device. The angle of pitch is proportional to the yoke deflection. When the

yoke is deflected, the airplane will orient to the new pitch orientation and remain there. The pitch angle will not
keep changing for a constant yoke deflection.

Autothrottle

CASat
LStar tof Manipul ated
anding Variable U
CASError
+ Until Flare throttle
Throttle | TPZE || Ajrplane >
r _ e Autopilot C
Actual
Airplane CAS
b
CAS
Feedback

Figure 59. Autothrottle feedback loop.
The autothrottle keeps the airspeed the same until flare, then it decreases. The elevator is used to keep the

airplane on the glide slope, and the autothrottle does what is necessary to keep the calibrated airspeed (CAS) the
same coming down the glide slope.
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Figure 60. Autothrottle Simulink diagram.
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Lateral Autopilot

Track Error
Manual
Set-Point
(TKMSP)

+

Latera
Autopilot
and (Yaw
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Manipulated
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aileron

rudder
(spoilers)

Airplane

»

Localizer
Feedback

»

C

Actua Airplane
Heading

The lateral autopilot primarily uses the ailerons and spoilersto roll the aircraft. The spoilers are used if a steep
bank or one of long duration is commanded. They counteract the tendency of the aircraft to have roll adverse yaw.
The lateral autopilot controls yaw angle as well as the roll angle due to tight coupling of the rolling motion to the
yawing motion. If additional correction is necessary to control sideslip, the rudder is manipulated. The rudder is
active during gusts through action of the yaw damper, but there is usually no rudder command associated with the

Figure 61. Lateral autopilot feedback loop.

rudder movement in yaw damping. The action of the roll control israte control. A constant angle of aileron

deflection results in a constant rate of roll. A bank requires a positive deflection held for a short time, followed by a
negative deflection to stop the rolling rate once the angle of the desired bank is achieved. Ailerons produce adrag
differential with the down aileron having more drag than the up flap. Thistends to yaw the nose of the aircraft in
the direction opposed to the desired bank. The spoiler of the low wing deploys to reduce the lift and increase the

drag to counteract thistendency for aileron adverse yaw [Ref. 6, p 89-90].
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Lateral Autopilot Simulink Diagram
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Figure 62. Lateral autopilot Simulink diagram.

88



Longitudinal Autopilot

Glide Slope Manipulated
-Poi Variables u
Set-Point Glide Slope
o Longitudina _dlevator_,
i Airplane >
r g e Autopilot (stabilator) P C
Actual Airplane
Glide Slope
b
XCG, YCG,
HCG Feedback

Figure 63. Longitudinal autopilot feedback loop.

The longitudinal autopilot controls the pitch orientation of the aircraft. The elevator isthe primary pitch control
device. A slower acting automatic trim system tries to drive the elevator back to zero by moving the horizontal tail
surface to which the elevator is attached. This moving assembly is called the stabilator. The action of the pitch
control is position control. The aircraft pitches until equilibrium is reached for a given deflection of the elevator.
This acts differently than the aileron roll control. The longitudinal autopilot has two major control modes. Vertical
path control (VPC) isused to hold a given altitude during normal flight. Once glide slope is engaged and a final
Instrument Landing System (ILS) approach begins, the longitudinal autopilot switchesto Autoland mode. The glide
slope error is used to close the pitch control loop. The autopilot commands pitch down if the aircraft is coming in
too high; pitch up if too low. This continues until the altitude where the flare mode beginsis attained. Then, a
preprogrammed pitch profile for the flare is commanded.
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Longitudinal Autopilot Simulink Diagram

Tolls 1840

sdoojsauuy wnoy 937130

Twnoy_5373a | e
no- o 13a

i

Qs _1g40

—

Tino 23730

i

uf
4
il
[y

Q

1s81_Buash

T3an LoN

i

.l.wo

@
(3

4
=
T
T

i}

WHYaNYT
i

¥O Inl

801" mww

Em-._n__
x
90 m«&mmu
@, 4 "1s01 Buash
o130 ° e,
“ov3a _V
e puejoine youd
le— —
L ON3SO
(e anv
Twnoyovaa pwo_yted 11aA N0y~ “1d901al
Al’ 2dA3a
TH —
__:_om Qvaa N mHu
E— e @ Tunoy_ddA3a - AN
°A| [ . a1eIs 0 4H @Al
EAatll A -
A H VAI Al..@ vo3a Toda3a
Tvo3a Wu 20 O
,
- TomIs ZINI =
v le—( wwv ammase ABOIWISD o ypLs0
(— — ) —®
dso
A —
O dwa: 2l 0W>
o 10QH Xyal YISO
SRS dSO 9 LSO
e WH—¥ 8 &
- 100aH
dso 'O)
(@—] §
T1L0gH
e ¥ bost o
62,
49389

)

VHOUH

-E

Figure 64. Longitudinal autopilot Simulink diagram.
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Vertical Path Control
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Figure 65. Longitudinal autopilot vertical path control law Simulink diagram.
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Figure 66. Longitudinal autopilot Autoland control law Simulink diagram.
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Flight Modes

\\  Glide Slope Capture
S ey

Localizer Capture
(LOCE)

Flare and Décrab

~37.1

Figure 67. Autopilot mode changes along the approach path.
. Localizer Engaged

The localizer engaged mode is entered when the track error isless than 2.3 degrees and the aircraft iswithin
6500 feet of the runway threshold along the runway Y -axis either side. The LANDARM flag indicatesthe Y -axis
condition.

. Glide Slope Engaged
The glide slope engaged mode is entered when the glide slope error isless than .108 degrees from the ILS glide

slope and the aircraft is within 6500 feet of the runway threshold. LANDARM istrue as for the localizer engaged
mode.

° Decrab
Theroll and yaw axes are controlled to decrease the “crab” angle to the runway in a crosswind landing. The
decrab modeis aso caled the runway alignment mode. The landing gear are made to line up better with the runway

by the aircraft executing a sidedlip into the wind. Decrab mode begins when the aircraft has descended so that the
landing gear are less than 150 feet above the runway.
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. Flare
The FLARE flag is set when the airplane descends below 50 feet above the runway and LANDARM istrue. A
preprogrammed pitch up rate profile is commanded until the wheels are on the ground. The pitch up rate depends

upon the aircraft sink rate. When the wheels are on the ground and spun up, rollout begins and the aircraft pitches
down. The simulation stops before rollout for the Airlabs version of B-737 Linear Autoland.

° Rollout

Rollout is a mode that begins when the wheels are on the ground and have spun up. The Airlabs version of the
B-737 Linear Autoland stops before this occurs.
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Engine Model

Second High
Fan Compressor Pressure
First Turbine Lowpr
Compressor Fuel OW FTessure
I njector Turbine

Figure 68. Turbofan engine.

The engine used in the B-737 linear Autoland model is the Pratt and Whitney JT8D-7. It is an example of the
turbofan type of jet engine. A jet engine works by compressing the air and injecting fuel into a combustion
chamber. Theincrease in temperature from the burning of the fuel increases the energy content of the air. This hot
air is expanded through aturbine to provide energy to compress new intake air. The energy remaining in the hot air
is converted to kinetic energy of motion of the air expelled from the nozzle. A turbofan engine has two compressors
in front of the combustion chamber and two turbines following it. Some air from the first compressor is ducted
around the combustion chamber and turbines and is called “bypass air’. Thisisdone to increase fuel efficiency by
reducing the speed of the nozzle flow but increasing the mass flow.

The primary control parameter of the jet engine isthe fuel flow rate into the combustion chamber. The throttle
setting controls thisfuel flow. The throttle setting is transferred using a cable arrangement to afuel control unit

power lever. The setting of the power lever is called the “ cross shaft angle” (CSA).

CSA, Cross shaft angleisthe “power lever” fuel flow setting on the fuel control unit for the engine.
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Figure 69. Engine parameter stations.

The equations describing the operation of aturbofan engine use a standard nomenclature of stations from the
entrance of the engine to the exit [Ref. 19, p 153]. Station 2 isat theinlet to the engine. Station 3 is at the exit of
the first compressor. Station 4 is at the exit of the second turbine. Station 5 is at the entrance to the first turbine.
Station 7 is at the exit of the primary nozzle. In[Ref. 13, chapter 1 and 2] isadiscussion of the thermodynamic
equations that pertain to the turbofan and other jet engines. The station numbering convention is dightly different.
Also, many of the equations are expressed in terms of pressure and temperature ratios. The B-737 linear Autoland
engine model uses pressure and temperature ratios too, however a different referenceis used. [Ref. 13, p 2] uses
flight level ambient as the reference p whereas the B-737 linear Autoland uses the International Standard
Atmosphere (ISA) value for some of its parameters. The temperature reference is called sealevel temperature

SLTEMP . Many aircraft parameters for instrumentation use this reference convention to standardize table
descriptions [Ref. 2, p 4-3]. Theideal gaslaw ratio of specific heats for air is used in the equations.

The nomenclature for the thermodynamics of the engine overlaps aeronautics usage for several variables.

Table9. Engine Symbolsthat may Cause Confusion with Control Parameter with the Same Name.

Symbol Engine Context Previous Definition
Y ratio of specific heats of air flight path angle
o ratio of engine station pressure with a control surface deflection with a subscript
reference denoting which surface
0 ratio of engine station temperature with a Euler pitch angle

reference
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I nternational Standard Atmaosphere (1SA)

29.92in. Hg, ISA Sea Level Pressure, 15 deg. C (288.16 deg. Kelvin), ISA SealLevel Temperature [Ref. 2, p 4-3]

Table 10. Engine Nomenclature used in the B-737 Linear Autoland Model

Symbol Symbol in Model Definition
S_.TEMP |SA Sealevel temperature
6,1 it SLTEMP SAT Static air temperature at flight level ambient
0 arpient THETAMB stagnation temperature flight level ambient
SLTEMP
P Totd air pressure at flight level ambient conditions. Itisalso

called “stagnation pressure”, the pressure reached if the
flowing stream is stopped without any heat transfer to the
surroundings (adiabatic).

Po Static air pressure at flight level ambient conditions. Pressure
measured in atube perpendicular to the free stream.

6 ambient DELTAMB Pro
| SA sealevel static pressure
c, Specific heat at constant pressure
heat energy supplied
(temperaturerise) (mass of air held at constant pressure)
c, Specific heat at constant volume
heat energy supplied
(temperaturerise) (mass of air held at constant volume)
Y Ratio of specific heatsin air.
Cp
Yy =—=140
C

v
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Engine Pressure Ratio

@ ® @ © @

Pi2

Figure 70. Engine pressure ratio.

Engine pressure ratio is the ratio of the compressor inlet pressure to the nozzle exit pressure. It isthe primary
feedback parameter that is used to set thrust. It is measured using small pitot tubesin front of the compressor and
behind the nozzle. The pressure atitude and ambient air temperature affect EPR settings. The amount of
compressor bleed air being used to prevent compressor stall, anti-icing and turbine cooling will also affect the
Setting.
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Table 11. Additional Engine Nomenclature used in the B-737 Linear Autoland Model

Symbol

Symbol in Model

Defintion

EPRC

Commanded engine pressure ratio, afunction of cross-shaft anglein
degrees, bleed valve status, atitude in feet, Mach number, and
engine inlet temperature in degrees Fahrenheit TT2F. Calculation of
EPRC isfrom apolynomial in powers of CSA and TT2F

EREF

The EPR present at the start of a spool-up. Thisisameaning
specific to this B-737 model. Itisalocal variable intended to
smooth atransition, not an EPR limit asin current usage.
<CAUTION> The more current meaning of EREF is EPR
reference limit. The pressure ratio setting that limits the power to
the maximum power setting allowed for the current stage of flight.
Thisis not the meaning in the B-737 model.

EREFS

EPR existing at the start of a spool-up, expressed as a fraction of the
EPR range.

EPRS

The first deviation of the EPR from theidle EPR (EPRMIN),
expressed as a fraction of the EPR range.

EPR-E

EPRS= — |
2.23—

DEPRC

Difference between commanded EPR and actual EPR.

Tt 2

Engineinlet total temperature

TTR

Engineinlet total temperature ratio

TTR= 12
SAT

aso:

'I'I'R:l+%(y—l)M22
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The simplified engine model shown receives a throttle input through the CSA table lookup. Thetotal
temperature, aircraft altitude, and Mach number feed the commanded engine pressure (EPRC) ratio calculation. The
engine dynamics modifies this based on previous engine EPR profile and bleed valve status and the corrected EPR is
sent to the thrust correction for the airframe and flight ambient conditions to get net thrust for the airframe model.
The thrust correction module is THCORF and corrects the thrust using a polynomial in powers of Mach number.
The spool up detection sets the upper limit on the rate of change of the EPR in the engine dynamics module.

THROTLC CSA CHA
lookup
A 4
T,
AT — ot
MACH culation
i
| 4»@_’ Engine | Thrust THRUST
r _ Dynamics Correction
|
| v ?
|
Bleed | | Spool-up |
Valve Logic Detection
A A
PEPRC —

Figure 71. Engine model.
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Compressor Bleed Valve Operation

When the compressor blades turn too fast relative to the air moving through the engine, the effective angle of
attack of each compressor blade becomestoo great and can stall. Automatic bleed valvesin the high-pressure
section of the engine (station 3) open to dump air into the fan bypass air duct to increase the velocity of the air
moving across the compressor to prevent this stalled condition. This condition can occur if the engine accelerates or
decelerates too rapidly and the pressure drop across the compressor istoo large. The difference in the static pressure
sensed at station three and total pressure sensed at station two controls the operation of the compressor stall bleed
valve. Thecritical EPR for this engineis between 1.110 and 1.128. A family of curves describes the relationship
between the fuel control mechanism cross shaft angle (CSA) and the commanded EPR. The curves of commanded
EPR as afunction of CSA for various Mach numbers from O to .95 indicate the critical EPR transition by crossing at
this EPR range [Ref. 9]. The bleed valve open logic chooses which curvesto use to limit the rate of change of the
EPR to account for the action of this valve system.

Compressor bleed air, compressed air from the rear of the compressor stage of the engineis used for deicing,
turbine hot structures cooling, and aircraft heating. Engine bleed air can account for a power loss of 30 percent
when all anti-icing systemsarein use. This model does not account for the engine-deicing configuration.

Bleed Valve
Locations

Figure 72. Engine compressor bleed air.
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Figure 73. Engine Simulink diagram.
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Longitudinal Control Actuators and Servos

Elevator

+0

Figure 74. Elevator location.

The elevator is the primary pitch control input. It isused to set angle of attack and correct gust perturbationsin
the pitch axis. Itisthetrailing edge of the horizontal stabilizer. It is affected by the operation of the stabilator pitch
trim system that rotates the entire horizontal stabilizer. Positive elevator deflection moves the elevator downward,
which pitches the nose of the aircraft downward. The hinge moment is the torque produced at the elevator hinge by
deflection of the elevator into the moving air stream. It iswhat must be overcome by the control system to set a
given elevator deflection angle. Figure 76 is a plot of the hinge moment as a function of elevator deflection.
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Figure 75. Elevator servo Simulink diagram.
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DEHM
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Figure 76. Hinge moment (DEHM) as a function of Mach number and elevator deflection (DELE).
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Stabilator

Stabilator (Horizontal Stabilizer and Elevator) Location

Figure 77. Stabilator location.

The Stabilator is the combined horizontal stabilizer and elevator. It moves slowly compared to the elevator and
is used to make pitch trim adjustments. A positive movement of the stabilator moves the trailing edge up to pitch
the aircraft up. It isoperated by an automatic system that senses elevator deflection and attempts to reduce the
elevator deflection once a deadband is exceeded.
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Figure 78. Automatic stabilator trim Simulink diagram.
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Lateral Control Actuators

Aileron

e

+ SaC

Figure 79. Aileron deflection angle.
The Aileron is used to yaw and roll the aircraft. It works with the spoiler system to accomplish this. A positive

aileron deflection rolls the right wing downward. Yaw motion is coupled to thisroll motion. A positive aileron
deflection yaws the aircraft right.
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Figure 80. Aileron servo Simulink diagram.
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Spoiler

1

Figure 81. Spoilers.

The spoiler system is used to reduce lift and increase drag on the wing when it is deployed. It isused to assist
the aileron system to roll and yaw the aircraft. The spoiler lifts on the downward rolling wing to balance the drag
created by the downward deflected aileron on the opposite wing. Thisisto combat the tendency of aileron-adverse
yaw caused by the increased drag of the downward aileron on the upward rolling wing. Spoilers only deploy once
the aileron deflection exceeds athreshold. Thisisthe “spoiler hysteresis’.
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Figure 82. Spoiler servo Simulink diagram

Rudder

>

(Yaw Left)
+90,

Figure 83. Rudder and yaw damper location

The rudder is used to control the yaw of the aircraft if the desired yaw is different from that given by the aileron
and spoiler system for agivenroll. It is mostly commanded automatically through the roll and yaw stability
augmentation “yaw damper” system. Thelateral control system only commands the rudder during the “decrab”
maneuver during the latter phases of an automatic landing.
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Approach to Conversion
The FORTRAN model was operated using Simulink to call the main functional blocks with FORTRAN Matlab

executable (F-MEX) file blocks. Thiswas done to get confidence with the Simulink method of simulation with the
least change to the FORTRAN. Next the feedback loop was broken and the airframe state space model run with
constant inputs to seeif it would fly at all.

o Deterministic case, no winds and gusts

e Straight and Level Reference Condition

e State Space Equations and Integration and Rates Only

o FORTRAN S-function with Simulink Wrapper

out_1 » uB
uB
—
L I e ———————
e 4 THETA Pichve )
o p
2
LON_2 THETA
out 5 —b-_VB Pitch
VB
ot 6 »[ RB >|§|
2
- P N Yavvd
> out_7 »[ PB PHI
Stabilator Roll Vel Rall
o f————————————p |
Rall ’
out 9 —)' :
PSI
DELE w10 AT Yaw vaw
= ins . =
ALT1
DELE DELE out_11 | LAT
DELE LAT 1
— ot 12 »[ LON
LON_1
V- th
[o fF—> wut—pvE ]
= ws [ v6 ]
V-dowr
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CA!
ETA
in5 out_18 GAMMA
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Sine Wave DELA GSE
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DELR
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wml—— p[TAs ] ©
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out 24 [ TKA ]
TKA
ouzs —p| VGS |
in_7
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E >
XCG
out 27 > YCG
eqmotn YCG

Figure 85. Simulink “wrapper” around FORTRAN deriv and egmotn with fixed command inputs.
The open loop test was then made closer to the previous runs of the FORTRAN model by taking the time

history of the control inputs as input to the airframe state space model without the autopilot present. This method of
testing was repeated as parts of the airframe model were replaced with Simulink prototype modules.
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Figure 86. Simulate control input using FORTRAN simulation historical data

The open-loop method of testing proceeded until autopilot modules were converted to Simulink. Thelarge
errors between the FORTRAN simulation output and the Simulink partial model were studied and worked on. A
change would be tried to a Simulink module and its effect noted. If it had little effect and there was no engineering
reason for it, it would be removed and another tried. Thisis the step-wise refinement technique. Sometimes
conceptual errors were responsible and the aerodynamics text needed to be consulted. Another technique tried was
use of frame by frame comparisons. The Matlab workspace output arrays made Matlab a convenient tool to use for
this. The FORTRAN simulation and the Simulink simulation parameters were plotted on the same graph. Once
they mostly agreed, the difference between them was plotted. The glitches were correlated with control surface
movement and mode logic changes. Differencesin time step values of parameters were seen and sequence and
memory re-use problems were sought. More and more parameters needed to be plotted as the FORTRAN and
Simulink output converged. It was necessary to carefully add additional engineering parameters to the FORTRAN
simulation output to better study the parts of the Simulink simulation that had problems. The pitch rate parameter
was put on a Simulink “scope” and plotted every time atest was done. Good and bad behavior characteristics
became familiar and it was a good “barometer” of overall health of the simulation.

Summary of FORTRAN to Simulink Porting Process
o Use FORTRAN MEX Filesfor Missing Blocks

o Use Matlab Scripts for Nested IF Logic a good match for procedural language logic. Later found
not to be compatible with code generation.

e Simulate Autopilot Control Inputs to the Aerodynamics Model Using FORTRAN Simulation
Historical Data
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Open/Closed-Loop Testing
Use Matlab Workspace to Plot, Plot, Plot...

It was necessary to modify the FORTRAN simulation to plot additional parameters to better
isolate errors.

Macro error analysis
Micro error analysis (step-by-step)

The results of the previous FORTRAN simulation were repeated. It was learned that Matlab
needed to be restarted if the test failed to have a valid subsequent test

Attack easiest and largest errorsfirst.
Step-wise refinement

Use Simulink “scope” to monitor QB. It was a good parameter for the pitch loop. Repeat it
enough to get used to the pattern so any change is apparent.

Open loop errors, investigate strongest divergence

Problems Encountered

Transform to inertial space and divergence of body velocities UB1 and UB2
Importance of time step alignment for open loop match

Procedura vs. data flow languages and Integrators. The path not taken still is computed in the
Simulink implementation unless explicit steps are taken to block it.

Different values of pi used in FORTRAN model important for open loop match

Constant parameters set in the Matlab workspace are not available to S-functions or code
generation.
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Conclusion

The Airlabs FORTRAN B-737 Linear Autoland model was duplicated using Matlab/Simulink on several
platforms (Unix, Windows 98 PC). Agreement of the model parameters was achieved to high precision (eight to
nine significant figures). Sinceit is an extension of the B-737 model that was produced with company proprietary
data removed, it can be used for research purposes. The Simulink block diagram language is a modern simulation
tool and facilitates use by the control system research community.
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